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Primitive spherical systems
P. Bravi
Abstract
A spherical system is a combinatorial object, arising in the theory of won-
derful varieties, defined in terms of a root system. All spherical systems
can be obtained by means of some general combinatorial procedures (such as
parabolic induction and wonderful fiber product) from the so-called primitive
spherical systems. Here we classify primitive spherical systems. As an appli-
cation, we prove that the quotients of a spherical system are in correspondence
with the so-called distinguished subsets of colors.
Introduction
Let G be a semisimple group over the complex numbers. The spherical G-systems
are combinatorial objects defined axiomatically in terms of the root system of G.
Let X be a wonderful G-variety: a smooth projective quasi-homogeneous G-
variety such that the irreducible components of theG-boundary are quasi-homogeneous
of codimension 1 and have non-empty transversal intersection, see [Lu01]. One can
associate to X a special combinatorial invariant which satisfies the axioms of spher-
ical G-system. The Luna conjecture states that wonderful G-varieties are classified
by spherical G-systems.
Without loss of generality one can assume that the group G is adjoint.
Many partial results related to the conjecture are now known, see [Lu01, P03,
BP05, Br07, BCF08, Lo09, BCF09]. See also [CF08, CF09].
D. Luna’s original proof of the conjecture in type A is based on some reduc-
tion steps to some primitive spherical systems and the case-by-case proof that all
primitive spherical systems correspond to one and only one wonderful variety.
This approach works for any group G (see [BP09]) and therefore a way to prove
the conjecture consists in checking the correspondence on the primitive spherical
systems.
Here we explicitly classify primitive spherical systems for any group G of adjoint
type.
This classification allows to describe the structure of all spherical systems, and
it may reveal itself useful not only in the proof of the Luna conjecture.
For instance, we also analyze the quotients of a general spherical system. Indeed,
we determine all the quotients of primitive spherical systems and prove that in
general all the so-called distinguished subsets of colors are good, that is, give rise
to well-defined quotient spherical systems. This was conjectured in [Lu01] as well.
Without referring to the group G, spherical G-systems will just be called spher-
ical R-systems of adjoint type, where R is the root system of G.
The list presented here includes some already known classes of primitive spher-
ical R-systems: those with R of type A D E ([Lu01, BP05, Br07]), of type A C
([P03]), of type F ([BL09]) or the so-called strict primitive spherical systems ([BCF09]).
A remark is necessary: our present definition of primitive spherical system is
slightly more restrictive than that of the previous papers ([BP05, Br07]), see Defi-
nitions 2.1.1 and 2.1.9.
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In Section 1 we give the definition of spherical system and of other basic notions;
for a more accessible introduction see [Lu01, BL09].
In Section 2 we give the definition of primitive spherical system and of spherical
system with a primitive positive 1-comb. We give the list of primitive spherical
systems and of spherical systems with a primitive positive 1-comb. In 2.5 we prove
that such lists are complete.
In Section 3 we use the classification obtained in the preceding section to prove
that all the distinguished subsets of colors are good.
In Appendix A we give all spherical systems of rank ≤ 2, with their minimal
quotients.
In Appendix B we give all the minimal quotients of primitive spherical systems
and of spherical systems with a primitive positive 1-comb (with rank > 2).
The author is indebted to D. Luna and G. Pezzini for their help and support.
1 Basic Definitions
1.1 Spherical systems
Let R be a reduced root system. Let S be a set of simple roots of R. Simple roots
of irreducible root systems will be labelled as in [Bo].
Let σ be an element of NS, say σ =
∑
α∈S nαα, define suppσ to be the subset
of simple roots α such that nα 6= 0.
Definition 1.1.1. The set of spherical R-roots of adjoint type, denoted by Σad(R),
is the set of σ ∈ NS such that
• σ = α+ β where α and β are orthogonal simple roots (σ is said to be of type
aa),
• or suppσ is the set of simple roots of an irreducible root subsystem and, after
restricting S to suppσ, σ is one of the following:
type of supp σ type of σ
An, n ≥ 1
∑n
i=1 αi a(n)
A1 2α1 2a
Bn, n ≥ 2
∑n
i=1 αi b(n)∑n
i=1 2αi 2b(n)
B3 α1 + 2α2 + 3α3
Cn, n ≥ 3 α1 + (
∑n−1
i=2 2αi) + αn c(n)
Dn, n ≥ 3 (
∑n−2
i=1 2αi) + αn−1 + αn d(n)
F4 α1 + 2α2 + 3α3 + 2α4 f
G2 2α1 + α2 g
4α1 + 2α2 2g
α1 + α2
We also set d(2) = aa, b(1) = a(1), 2b(1) = 2a, c(2) = b(2).
Definition 1.1.2. Let Sp be a subset of S and σ ∈ Σad(R) a spherical R-root of
adjoint type, Sp and σ are said to be compatible if Spp(σ) ⊂ Sp ⊂ Sp(σ) where
Sp(σ) is the set of simple roots orthogonal to σ and Spp(σ) is equal to
• Sp(σ) ∩ suppσ \ {αn}, if σ =
∑n
i=1 αi with support of type Bn,
• Sp(σ) ∩ suppσ \ {α1}, if σ has support of type Cn,
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• Sp(σ) ∩ suppσ, otherwise.
Definition 1.1.3. A triple S = (Sp, Σ,A), where
• Sp ⊂ S
• Σ ⊂ Σad(R) without proportional elements
• A is a finite set endowed with a pairing c : A× Σ → Z (for all α ∈ S ∩Σ set
A(α) = {D ∈ A : c(D,α) = 1}),
is called a spherical R-system of adjoint type if
(A1) for all D ∈ A and σ ∈ Σ, c(D, σ) ≤ 1, and if c(D, σ) = 1 then σ ∈ S;
(A2) for all α ∈ S ∩Σ, card(A(α)) = 2, and if A(α) = {D+α , D
−
α } then c(D
+
α , σ) +
c(D−α , σ) = 〈α
∨, σ〉 for all σ ∈ Σ;
(A3) A = ∪α∈S∩ΣA(α);
(Σ1) if 2α ∈ 2S ∩Σ then 12 〈α
∨, σ〉 ∈ Z≤0 for all σ ∈ Σ \ {2α};
(Σ2) if α and β are orthogonal simple roots with α+ β ∈ Σ then 〈α∨, σ〉 = 〈β∨, σ〉
for all σ ∈ Σ;
(S) Sp and σ are compatible for all σ ∈ Σ.
The elements of Σ are called spherical roots of S . The cardinality of Σ is called
the rank of S . The pairing c : A×Σ → Z is called restricted Cartan pairing.
In the following with spherical R-system we will mean spherical R-system of
adjoint type.
Definition 1.1.4. Let S = (Sp, Σ,A) be a spherical R-system. Set Sp ⊔ Sa ⊔
S2a ⊔ Sb = S such that Sa = S ∩Σ and S2a = 2S ∩Σ. The set of colors ∆ of S is
the finite set ∆ = ∆a ⊔∆2a ⊔∆b endowed with a pairing c : ∆×Σ → Z as follows
• ∆a = A,
• there exists a bijective map 2α 7→ D2α from S2a to ∆2a, with c(D2α, σ) =
1
2 〈α
∨, σ〉 for all σ ∈ Σ,
• there exists a surjective map α 7→ Dα from S
b to ∆b such that Dα = Dβ if
and only if α ⊥ β and α+ β ∈ Σ, with c(Dα, σ) = 〈α∨, σ〉 for all σ ∈ Σ.
Furthermore, set ∆(α) = A(α) = {D+α , D
−
α } if α ∈ S
a, ∆(α) = {D2α} if α ∈ S2a
and ∆(α) = {Dα} if α ∈ Sb.
Definition 1.1.5. The difference between the cardinality of ∆ and the cardinality
of Σ (the rank of S ) is called defect and denoted by d(S ).
Remark 1.1.6. From the classification of rank 2 spherical systems (see Appendix A
or [W96]) it turns out that all pairs of spherical roots of any spherical system have
non-positive scalar product. This implies that the spherical roots of any spherical
system are linearly independent1. This implies also that Σ is a basis of a reduced
root system, but the latter plays no role in the present paper.
The above pairing c, called Cartan pairing, can be extended by Z-linearity to a
pairing c : Z∆× ZΣ → Z.
1We thank A. Maffei for having pointed out to us this easy argument.
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1.2 Localization and induction
Definition 1.2.1. Let S = (Sp, Σ,A) be a spherical R-system. Let S′ be a subset
of simple roots and R′ the corresponding root subsystem. The spherical R′-system
obtained from S by localization is S ′ = ((S′)p, Σ′, A′):
• (S′)p = Sp ∩ S′,
• Σ′ = {σ ∈ Σ : suppσ ⊂ S′},
• A′ = ∪A(α) for all α ∈ Σ ∩ S′.
Definition 1.2.2. A spherical R-system S = (Sp, Σ,A) is called cuspidal if
supp(Σ) = S.
Definition 1.2.3. Let S ′ = ((S′)p, Σ′, A′) be a spherical R′-system and let S′ ⊂ S.
The spherical R-system obtained from S ′ by induction is S = ((S′)p, Σ′, A′).
1.3 Quotients
Let S = (Sp, Σ,A) be a spherical R-system with set of colors ∆. An element D of
Z∆ is called positive if c(D, σ) ≥ 0 for all σ ∈ Σ.
Definition 1.3.1. A subset ∆′ ⊂ ∆ of colors of S is called distinguished if there
exists a positive element in N>0∆
′.
Consider the set Σ/∆′ of minimal generators of the semigroup
{σ ∈ NΣ : c(D, σ) = 0 ∀D ∈ ∆′}
and the triple S /∆′ = (Sp/∆′, Σ/∆′, A/∆′) where Sp/∆′ = {α ∈ S : ∆(α) ⊂ ∆′}
and A/∆′ is the subset of A given by S ∩Σ/∆′.
Definition 1.3.2. A distinguished subset ∆′ ⊂ ∆ is called good if S /∆′ is a
spherical R-system. In this case S /∆′ is called quotient spherical R-system.
The set of colors of the quotient spherical system S /∆′ can be identified with
∆ \∆′.
Definition 1.3.3. A good distinguished subset ∆′ is called homogeneous if Σ/∆′ =
∅.
A quotient of a spherical system given by a minimal good distinguished subset
of colors will be called minimal.
1.4 Luna diagrams
Let us recall how to visualize a spherical system via its Luna diagram.
Spherical roots are represented on the Dynkin diagram of their support as in
Table 1.
Further not shadowed circles around vertices may occur: Sp equals the set of
vertices having no circles around, below or above.
The set S ∩ Σ corresponds to the set of vertices which have circles above and
below. For each α ∈ S ∩ Σ, these two circles are identified with the elements of
A(α), the circle above to D+α , where D
+
α is such that c(D
+
α , σ) ∈ {1, 0−1}, for every
spherical root σ. Circles in different A(α)’s are joined by a line, if they correspond
to the same element in A. Finally, for every spherical root σ not orthogonal to α
such that c(D+α , σ) = −1, there is an arrow (usually only a symbol “<” or “>”),
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Table 1: Spherical roots
diagram spherical root
❡q ❡q α1 + α
′
1
q
❡
❡
α1
q q q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣
∑n
i=1 αi, n ≥ 2
q
❡
2α1
q q q q q♣♣♣♣♣♣ ♣♣♣♣♣❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
∑n
i=1 αi, n ≥ 2
q q q q q♣♣♣♣♣♣
♣♣♣
♣♣
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
2 ∑n
i=1 2αi, n ≥ 2
q q q♣♣♣♣♣♣♣
♣♣♣
♣♣
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ α1 + 2α2 + 3α3
q q q q q q♣♣♣♣♣♣♣♣♣
♣♣
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ α1 + (
∑n−1
i=2 2αi) + αn, n ≥ 3
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣q q q q
q
q
 
❅
(
∑n−2
i=1 2αi) + αn−1 + αn, n ≥ 3
q q q q♣♣♣♣♣♣ ♣♣♣♣♣♣ ❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ α1 + 2α2 + 3α3 + 2α4
q q♣♣♣♣♣♣♣♣♣♣♣♣❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ 2α1 + α2
q q♣♣♣♣♣♣♣♣♣♣♣❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
2
4α1 + 2α2
q q♣♣♣♣♣♣♣♣♣
♣♣
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣❡ α1 + α2
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starting from the circle corresponding to D+α and pointing toward σ. The set A and
the restricted Cartan pairing c : A×Σ → Z can then be recovered by Axiom A2.
An arrow from the diagram of S to the diagram of S ′ means that the spherical
system S has S ′ as quotient spherical system. Minimal quotients with decreasing
defect are denoted by dashed arrows, minimal quotients with non-decreasing defect
are denoted by continuous arrows.
1.5 Spherical systems of rank ≤ 2
The spherical systems of rank 1 and of rank 2 are known ([W96]), their classification
can directly be deduced from the axioms of spherical systems.
In Appendix A we give the Luna diagrams of all cuspidal spherical systems of
rank 1 and of all cuspidal spherical systems of rank 2 that are not direct product of
two spherical systems of rank 1 (see the appendix for a precise definition of direct
product). We provide also their minimal quotient spherical systems.
Remark 1.5.1. All distinguished subsets of colors of spherical systems of rank ≤ 2
are good.
2 Classification of spherical systems
2.1 Primitive spherical systems
Decomposition
Definition 2.1.1. Let S = (Sp, Σ,A) be a spherical R-system. Let ∆′ and ∆′′ be
good distinguished subsets such that
• (Sp/∆′ \ Sp) ⊥ (Sp/∆′′ \ Sp) and
• Σ ⊂ (Σ/∆′ ∪Σ/∆′′).
Then we say that ∆′ and ∆′′ decompose2 S , and that S is fiber product of S /∆′
and S /∆′′ over S /(∆′ ∪∆′′).
Example 2.1.2.
q q q
❡
❡
❡
❡
❡
❡
✟✟✟✙
q q q
❡
❡
❡
❡
❡
❥
q q q❡ ❡
❡
❡
❥
✟✟✟✙
q q q❡ ❡ ❡
Positive combs
Definition 2.1.3. Let S = (Sp, Σ,A) be a spherical R-system. An element D of
A that is positive in the sense of 1.3 is called positive n-comb, where n equals the
cardinality of SD = {α ∈ S : D ∈ ∆(α)}.
By abuse of terminology a spherical system with Σ = S and a positive comb D
with SD = S is often called an n-comb (with n = cardS).
2Notice that this definition is less restrictive than that of the previous papers ([BP05, Br07]).
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Example 2.1.4. The following has a positive 2-comb
q q♣♣♣♣♣♣♣ ♣♣♣
♣♣
q q♣♣♣♣♣♣ ♣♣♣
♣♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
❡
❡
❡
❡
❡
❡
Tails
Definition 2.1.5. Let S = (Sp, Σ,A) be a spherical R-system. Let σ ∈ Σ have
support included in say {α1, . . . , αn}, set of simple roots of an irreducible component
of R. Let ∆′ be a good distinguished subset of colors such that Σ/∆′ = {σ}. Then
σ is called:
• tail of type b(m), 1 ≤ m ≤ n, if R is of type Bn, σ = αn−m+1 + . . .+ αn and
αn ∈ Sp if m > 1 (or c(D+αn , σ
′) = c(D−αn , σ
′) for all σ′ ∈ Σ if m = 1);
• tail of type 2b(m), 1 ≤ m ≤ n, if R is of type Bn and σ = 2αn−m+1+. . .+2αn;
• tail of type c(m), 2 ≤ m ≤ n, if R is of type Cn and σ = αn−m+1+2αn−m+2+
. . .+ 2αn−1 + αn;
• tail of type d(m), 2 ≤ m ≤ n, if R is of type Dn and σ = 2αn−m+1 + . . . +
2αn−2 + αn−1 + αn.
Example 2.1.6.
q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q q q♣♣♣♣♣♣♣ ♣♣♣♣♣❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ✲ q q❡ q q q♣♣♣♣♣♣♣ ♣♣♣♣♣❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q q q♣♣♣♣♣♣♣ ♣♣♣♣♣❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣2 ✲ q q❡ q q q♣♣♣♣♣♣♣ ♣♣♣♣♣❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
2
q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q q q♣♣♣♣♣♣♣♣
♣♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ✲ q q❡ q q q♣♣♣♣♣♣♣♣♣♣♣♣♣❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ q
q
q
 
❅
✲ q q❡ q❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ q
q
q
 
❅
Definition 2.1.7. Let S = (Sp, Σ,A) be a sphericalR-system. Let Σ˜ = {σ1, σ2} ⊂
Σ have support included in say {α1, . . . , αn}, set of simple roots of an irreducible
component of R. Let ∆′ be a good distinguished subset of colors such that Σ/∆′ =
Σ˜. Then Σ˜ is called:
• tail of type (aa, aa) if R is of type E6 and Σ˜ = {α1 + α6, α3 + α5};
• tail of type (d3, d3) if R is of type E7 and Σ˜ = {α2+2α4+α5, α5+2α6+α7};
• tail of type (d5, d5) if R is of type E8 and Σ˜ = {2α1+α2+2α3+2α4+α5, α2+
α3 + 2α4 + 2α5 + 2α6};
• tail of type (2a, 2a) if R is of type F4 and Σ˜ = {2α3, 2α4}.
Example 2.1.8.
q q q q q
q
❡ ❡ ❡ ❡❡
❡
♣♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣
♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣
✲ q q q q q
q
❡ ❡ ❡ ❡❡
q q q q q q
q
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣❡ ❡♣♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ✲ q q q q q q
q
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣❡
q q q q q q q
q
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ❡ ❡♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ✲ q q q q q q q
q
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ❡
q q q q♣♣♣♣♣♣ ♣♣
♣♣♣♣
❡ ❡
❡ ❡♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ✲ q q q q♣♣♣♣♣♣ ♣♣
♣♣
♣
❡ ❡
❡
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Primitive spherical systems
Definition 2.1.9. A spherical R-system is called primitive if it is cuspidal, not
decomposable, without positive combs and without tails3 (of type b(m), 2b(m),
c(m), d(m), (aa, aa), (d3, d3), (d5, d5) or (2a, 2a)).
To present them all, we subdivide the primitive spherical systems into clans,
which can be characterized as follows:
clan R: primitive spherical systems with a spherical root of type aa or 2a without
spherical roots with overlapping supports or with a spherical root of type d(m)
m ≥ 3;
clan S: primitive spherical systems with only spherical roots of type a(m) (m ≥ 1)
or b(2) (with Sp = ∅) without spherical roots with overlapping supports;
clan T: primitive spherical systems with a spherical root of type a(m) (m ≥ 1)
whose support meets the support of another spherical root.
We give only the Luna diagram of the spherical systems. We use identifications
between spherical roots as in Definition 1.1.1, namely when in a diagram there is
a spherical root of type a(m), 2b(m) or d(m) without overlapping support then m
must be intended as ≥ 1, ≥ 1 or ≥ 2, respectively. In the diagrams of family c of
the clan T there is always a spherical root of type c(m), here m must be intended
as ≥ 2.
Furthermore, notice that in the following list primitive spherical R-systems are
given up to external automorphism of R.
Theorem 2.1.10. The clans R, S and T, given below, contain all the primitive
spherical systems of rank > 2.
Clan R
R–1.
aaa(p, p)
q q❡ ❡ q q❡ ❡
q q❡ ❡ q q❡ ❡
baa(p, p)
q q q q q♣♣♣♣♣♣ ♣
♣♣♣♣
❡ ❡ ❡ ❡ ❡
q q q q q♣♣♣♣♣♣ ♣♣
♣♣
♣
❡ ❡ ❡ ❡ ❡
caa(p, p)
q q q q q♣♣♣♣♣♣
♣♣♣♣♣
❡ ❡ ❡ ❡ ❡
q q q q q♣♣♣♣♣♣♣♣♣♣♣♣❡ ❡ ❡ ❡ ❡
daa(p, p)
q q q q
q
q
 
❅
❡ ❡ ❡ ❡
❡
❡
q q q q
q
q
 
❅
❡ ❡ ❡ ❡
❡
❡❇
❇❇
❇
❇❇
❇
❇❇
❇
❇❇ ❇
❇❇
❇
❇❇
3Notice that in the previous papers ([BP05, Br07]) this definition was less restrictive: tails were
allowed.
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eaa(p, p)
q q q q
q
q q❡ ❡ ❡ ❡ ❡ ❡
❡
q q q q
q
q q❡ ❡ ❡ ❡ ❡ ❡
❡
❇
❇
❇
❇
❇
❇
❇
❇
❇
❇
❇
❇
❇
❇
❇
❇
❇
❇
❇
❇
❇
faa(4, 4)
q q q q♣♣♣♣♣♣♣ ♣♣♣
♣♣♣
❡ ❡ ❡ ❡
q q q q♣♣♣♣♣♣♣ ♣♣♣♣♣❡ ❡ ❡ ❡
gaa(2, 2)
q q♣♣♣♣♣♣♣♣♣♣♣❡ ❡ q q♣♣
♣♣
♣♣
♣♣♣♣
♣
❡ ❡
R–2.
q q❡ ❡ q q❡ ❡q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣♣
R–2′.
q q❡ ❡ q q❡ ❡q
❡
R–3.
q q q q q
✁
✁q
❡ ❡ ❡ ❡
❡
❡
R–4.
a2a(p)
q q q q
❡ ❡ ❡ ❡
b2a(p)
q q q q
❡ ❡ ❡ ❡
q♣♣♣♣♣♣♣ ♣♣♣♣♣♣
❡
c2a(p)
q q q q
❡ ❡ ❡ ❡
q
❡
♣♣
♣♣
♣♣
♣♣♣♣♣
d2a(p)
q
❡
q
❡
q
❡
q
❡
q
q
 
❅
❡
❡
e2a(p)
q q q q
✁
✁q
❡ ❡ ❡ ❡
❡
q q
❡ ❡
f2a(4)
q q q q♣♣♣♣♣♣ ♣
♣♣♣♣
❡ ❡ ❡ ❡
g2a(2)
q q♣♣♣♣♣♣♣
♣♣
♣♣
❡ ❡
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R–5.
q q q q
❡ ❡ ❡
q q q q♣♣♣♣♣♣ ♣♣♣
♣♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣2
R–6.
q q q q
❡ ❡ ❡ ❡
q♣♣♣♣♣♣♣♣♣♣♣♣
❡
❡
R–7.
q q q q
❡ ❡ ❡
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ q q q
q
q
 
❅
R–8.
q q q q q q
q
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
❡ ❡
R–9.
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣q q q ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣q q q
R–10.
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣q q q ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣q q q q q q q q♣♣♣♣♣♣♣♣♣♣♣♣❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
R–10′.
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣q q q ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣q q q q♣♣♣♣♣♣♣
♣♣♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
2
R–11.
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣q q q ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣q q q q
q
q
 
❅
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
❡
❡
R–11′.
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣q q q ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣q q q q
q
q
 
❅
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
❡
R–12.
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣q q q ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣q q q
q
q
 
❅ ❡
❡
R–13.
q q q q q q
q
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
❡
❡
R–13′.
q q q q q q
q
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
❡
R–14.
q q q q q q q
q
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
❡ ❡
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Clan S
Family x
S–1. bdx(p, p), p ≥ 2 (or abx(3, 3) if p = 3, abx(1, 1, 2) if p = 2)
q q q
❡
❡
❡
❡
❡
❡
q q q
❡
❡
❡
❡
❡
❡
q q♣♣♣♣♣♣ ♣♣♣♣♣♣
q
q
 
❅❡
❡
❡
❡
❡
❡
❡
❡
S–2. bdx(p− 1, p), p ≥ 2 (or abx(3, 2) if p = 3, ax(1, 1, 1) if p = 2)
q q
❡
❡
❡
❡
q q q
❡
❡
❡
❡
❡
❡
q q♣♣♣♣♣♣
♣♣
♣♣
q
q
 
❅❡
❡
❡
❡
❡
❡
❡
❡
S–3. bcx(2, 3)
q q♣♣♣♣♣♣♣
♣♣♣♣♣♣
q q q♣♣♣♣♣♣♣
♣♣♣♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
Family y
S–4. ay(p, p), p ≥ 2
q q q q
❡
❡
❡
❡
❡
❡
❡
❡
q q q q
❡
❡
❡
❡
❡
❡
❡
❡
S–5. ay(p− 1, p), p ≥ 2
q q q
❡
❡
❡
❡
❡
❡
q q q
❡
❡
❡
❡
❡
❡
q
❡
❡
S–6. aby(p, p), p ≥ 2
q q q
❡
❡
❡
❡
❡
❡
q
❡
❡
q q q
❡
❡
❡
❡
❡
❡
q
❡
❡
♣♣
♣♣
♣♣
♣
♣♣♣♣♣
S–7. aby(p− 1, p), p ≥ 2
q q q
❡
❡
❡
❡
❡
❡
q q q
❡
❡
❡
❡
❡
❡
q
❡
❡
♣♣
♣♣
♣
♣
♣♣♣♣♣♣
S–8. by(p, p), p ≥ 2
q q q q♣♣♣♣♣
♣♣♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
q q q q♣♣♣♣♣♣ ♣♣♣♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
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S–9. dy(p+ 1, p+ 1), p ≥ 3 (dy(3, 3) = az(3, 3))
q q
q
q
 
❅
q
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
q q
q
q
 
❅
q
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
S–10. ady(p, p+ 1), p ≥ 3
q q q
❡
❡
❡
❡
❡
❡
q
❡
❡
q q q
❡
❡
❡
❡
❡
❡
q
❡
❡
q
❡
❡
 
❅
S–11. ady(p− 1, p+ 1), p ≥ 3
q q q
❡
❡
❡
❡
❡
❡
q q q
❡
❡
❡
❡
❡
❡
q
❡
❡
q
❡
❡
 
❅
S–12. bdy(p, p+ 1), p ≥ 3
q q q
❡
❡
❡
❡
❡
❡
q q q
❡
❡
❡
❡
❡
❡
q♣♣♣♣♣♣♣ ♣♣♣
♣♣
q
q
 
❅❡
❡
❡
❡
❡
❡
S–13. agy(2, 2)
q q q q♣♣♣♣♣♣♣♣♣♣♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
S–14. agy(1, 2)
q q♣♣♣♣♣♣♣♣
♣♣♣
♣
q
❡
❡
❡
❡
❡
❡
S–15. bgy(2, 2)
q q♣♣♣♣♣♣
♣♣♣♣♣
q q♣♣♣♣♣♣
♣♣♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
S–16. gy(2, 2)
q q♣♣♣♣♣♣♣♣♣
♣♣♣
❡
❡
❡
❡
q q♣♣♣♣♣♣♣♣♣♣
♣♣
❡
❡
❡
❡
S–17. ay(2p), p ≥ 2
q q q q
❡
❡
❡
❡
❡
❡
❡
❡
q q q q
❡
❡
❡
❡
❡
❡
❡
❡
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S–18. by(4)
q q q q♣♣♣♣♣♣
♣♣
♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
S–19. cy(4)
q q q q♣♣♣♣♣♣♣♣♣♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
S–20. dy(7)
q q q q q
q
q
 
❅❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
S–21. fy(4)
q q q q♣♣♣♣♣♣♣ ♣♣♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
Family z
S–22. az(3, 3)
q q q
❡
❡
❡
❡
❡
❡
q q q
❡
❡
❡
❡
❡
❡
S–23. az(2, 3)
q q
❡
❡
❡
❡
q q q
❡
❡
❡
❡
❡
❡
S–24. az(1, 3)
q
❡
❡
q q q
❡
❡
❡
❡
❡
❡
S–25. abz(3, 3)
q q q q q q♣♣♣♣♣♣ ♣♣♣♣
♣
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
S–26. abz(3, 2)
q q q q q♣♣♣♣♣♣ ♣♣♣♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
S–27. abz(2, 3)
q q
❡
❡
❡
❡
q q q♣♣♣♣♣♣ ♣♣♣♣
♣
❡
❡
❡
❡
❡
❡
S–28. abz(1, 3)
q
❡
❡
q q q♣♣♣♣♣♣♣ ♣♣♣♣
♣
❡
❡
❡
❡
❡
❡
S–29. bz(3, 3)
q q
❡
❡
❡
❡
q
❡
❡
♣♣
♣♣
♣♣
♣
♣♣♣♣
q q
❡
❡
❡
❡
q
❡
❡
♣♣
♣♣
♣♣
♣
♣
♣♣♣
♣
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S–30. bz(2, 3)
q q♣♣♣♣♣♣♣
♣♣♣♣♣♣
❡
❡
❡
❡
q q q♣♣♣♣♣♣♣ ♣♣♣
♣♣
❡
❡
❡
❡
❡
❡
S–31. acz(1, 3)
q
❡
❡
q q q♣♣♣♣♣
♣♣
♣♣
❡
❡
❡
❡
❡
❡
S–32. dz(4, 4)
q q
q
q
 
❅❡
❡
❡
❡
❡
❡
❡
❡
q q
q
q
 
❅❡
❡
❡
❡
❡
❡
❡
❡
S–33. adz(3, 4)
q q q
❡
❡
❡
❡
❡
❡
q q
q
q
 
❅❡
❡
❡
❡
❡
❡
❡
❡
S–34. adz(2, 4)
q q
❡
❡
❡
❡
q q
q
q
 
❅❡
❡
❡
❡
❡
❡
❡
❡
S–35. adz(1, 4)
q
❡
❡
q q
q
q
 
❅❡
❡
❡
❡
❡
❡
❡
❡
S–36. bdz(3, 4)
q q q♣♣♣♣♣♣♣ ♣♣♣♣
♣
❡
❡
❡
❡
❡
❡
q q
q
q
 
❅❡
❡
❡
❡
❡
❡
❡
❡
S–37. bdz(2, 4)
q q♣♣♣♣♣♣ ♣♣♣♣♣♣
❡
❡
❡
❡
q q
q
q
 
❅❡
❡
❡
❡
❡
❡
❡
❡
S–38. agz(3, 2)
q q q
❡
❡
❡
❡
❡
❡
q q♣♣♣♣♣♣♣♣♣♣♣
❡
❡
❡
❡
S–39. bgz(3, 2)
q q q♣♣♣♣♣♣ ♣♣♣♣♣♣
❡
❡
❡
❡
❡
❡
q q♣♣♣♣♣♣
♣♣♣
♣♣
❡
❡
❡
❡
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S–40. dgz(4, 2)
q q
q
q
 
❅❡
❡
❡
❡
❡
❡
❡
❡
q q♣♣♣♣♣♣♣♣♣♣♣
♣
❡
❡
❡
❡
S–41. az(6)
q q q q q q
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
S–42. az(5)
q q q q q
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
S–43. bz(6)
q q q q q q♣♣♣♣♣♣ ♣
♣♣
♣♣
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
S–44. bz(5)
q q q q q♣♣♣♣♣♣
♣♣♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
S–45. cz(5)
q q q q q♣♣♣♣♣♣
♣♣
♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
S–46. dz(7)
q q q q q
q
q
 
❅❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
S–47. dz(6)
q q q q
q
q
 
❅❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
Family u
S–48. au(7)
q q q q q q q
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
S–49. au(6)
q q q q q q
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
S–50. au(5)
q q q q q
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
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S–51. bu(7)
q q q q q q q♣♣♣♣♣♣ ♣♣♣♣
♣♣
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
S–52. bu(6)
q q q q q q♣♣♣♣♣♣ ♣♣♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
S–53. cu(5)
q q q q q♣♣♣♣♣♣♣♣
♣♣♣
♣
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
S–54. du(8)
q q q q q q
q
q
 
❅❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
S–55. du(7)
q q q q q
q
q
 
❅❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
Family v
S–56. dv(8)
q q q q q q
q
q
 
❅❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
S–57. ev(8)
q q q q q q q
✁
✁q
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
S–58. dv(7)
q q q q q
q
q
 
❅❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
Family w
S–59. bw(4)
q q q q♣♣♣♣♣♣ ♣♣♣
♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
16
S–60. fw(4)
q q q q♣♣♣♣♣♣♣ ♣♣♣♣
♣♣
❡
❡
❡
❡
❡
❡
❡
❡
S–61. bw(3)
q q q♣♣♣♣♣♣ ♣♣♣
♣♣
❡
❡
❡
❡
❡
❡
Family p
S–62.
q q q q
❡
❡
❡
❡
q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣♣♣♣
S–63.
q q q q♣♣♣♣♣♣ ♣♣♣♣
♣♣
❡
❡
❡
❡
q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣♣
S–64.
q q q♣♣♣♣♣♣♣♣
♣♣♣
❡
❡
❡
❡
q q q❡ ❡♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣
S–65.
q q q♣♣♣♣♣♣♣♣♣♣♣
❡
❡
❡
❡
❡
❡
S–66.
q q
q
q
 
❅❡
❡
❡
❡
❡
❡
q q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣♣
S–67.
q q q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣♣♣ q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣ q
❡
❡
❡
❡
❡
❡
S–68.
q q q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣
❡
❡
❡
❡
q
❡
❡
S–69.
q q q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣♣ q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q♣♣♣♣♣♣♣♣♣♣♣♣
❡
❡
❡
❡
❡
❡
S–70.
q q❡ ❡♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣ ♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣q q♣♣♣♣♣♣
♣♣
♣
q
❡
❡
❡
❡
❡
❡
S–71.
q q q q❡ ❡♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q q♣♣♣♣♣♣
♣♣♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
S–72.
q q q♣♣♣♣♣♣♣
♣♣♣♣
q
❡
❡
❡
❡
❡
❡
❡
❡
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S–73.
q q q q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q q♣♣♣♣♣♣♣♣♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
S–74.
q q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣♣♣♣ q q♣♣♣♣♣♣♣♣♣
♣♣♣
q
❡
❡
❡
❡
❡
❡
❡
❡
S–75.
q q q q
❡
❡
❡
❡
❡
❡
❡
❡
q q q q
❡
❡
❡
❡
❡
❡
❡
❡
q q❡ ❡♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣
S–76.
q q q q
❡
❡
❡
❡
❡
❡
❡
❡
q q q
❡
❡
❡
❡
❡
❡
q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣
S–77.
q q q
❡
❡
❡
❡
q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣♣ q♣♣♣♣♣♣
♣♣♣♣♣
❡
❡
S–78.
q q q q♣♣♣♣♣♣♣♣♣♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
S–79.
q q q q♣♣♣♣♣♣♣ ♣♣♣♣
♣
❡
❡
❡
❡
❡
❡
❡
❡
S–80.
q q q q♣♣♣♣♣♣ ♣
♣♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
S–81.
q q q q♣♣♣♣♣♣ ♣♣♣♣
♣♣
❡
❡
❡
❡
❡
❡
❡
❡
S–82.
q q q q
❡
❡
❡
❡
❡
❡
q❡ ❡♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q
q
q
 
❅❡
❡
❡
❡
❡
❡
S–83.
q q q
❡
❡
❡
❡
q❡ ❡♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q
q
q
 
❅❡
❡
❡
❡
❡
❡
S–84.
q q q
❡
❡
❡
❡
q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ q q
❡
❡
❡
❡
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S–85.
q qq
❡
❡
❡
❡
❡
❡
q
❡
❡
q qq
❡
❡
❡
❡
❡
❡
q
❡
❡
♣
♣♣
♣♣
♣
♣♣♣♣
q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣♣♣♣
S–86.
q q q q q qq❡ ❡♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q q♣♣♣♣♣♣ ♣♣♣♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
S–87.
q q q
❡
❡
❡
❡
q❡ ❡♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ q q♣♣♣♣♣♣♣♣♣♣
♣♣
❡
❡
❡
❡
S–88.
q q
❡
❡
q❡ ❡♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ q q♣♣♣♣♣♣♣♣♣
♣♣
❡
❡
❡
❡
S–89.
q q q
❡
❡
❡
❡
q❡ ❡♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣♣♣ q q♣♣♣♣♣♣♣ ♣♣♣♣♣
❡
❡
❡
❡
S–90.
q qq
❡
❡
❡
❡
q qq
❡
❡
❡
❡
❡
❡
q
❡
❡
❡
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q
❡
❡
q
❡
❡
 
❅
q q❡ ❡♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣
S–91.
q q q q q qq❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣ q
q
q
 
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❡
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❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
S–92.
q q q
❡
❡
❡
❡
q❡ ❡♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ q
q
q
 
❅❡
❡
❡
❡
❡
❡
S–93.
q q
❡
❡
q❡ ❡♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣ q
q
q
 
❅❡
❡
❡
❡
❡
❡
S–94.
q q q
❡
❡
❡
❡
q❡ ❡♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ q
q
q
 
❅❡
❡
❡
❡
❡
❡
S–95.
q q q q♣♣♣♣♣♣♣ ♣
♣♣♣♣
❡
❡
❡
❡
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ❡
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S–96.
q
❡
❡
q q q q♣♣♣♣♣♣♣
♣♣♣♣♣♣
❡
❡
❡
❡
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ❡
S–97.
q q q q
❡
❡
❡
❡
❡
❡
❡
❡
S–98.
q q q q♣♣♣♣♣♣ ♣
♣♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
S–99.
q q q q♣♣♣♣♣♣♣♣♣♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
S–100.
q q q q♣♣♣♣♣♣ ♣♣♣♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
S–101.
q q q
q
q
 
❅❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
S–102.
q q q q q
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
S–103.
q q q q q♣♣♣♣♣♣♣♣♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
S–104.
q q q q q q q
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
✁
✁q
❡
❡
S–105.
q q q q q q
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
✁
✁q
❡
❡
S–106.
q q q q
q
q
 
❅❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
S–107.
q q q
q
q
 
❅❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
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Family q
S–108.
q q q q
❡
❡
❡
❡
❡
❡
❡
❡
q q q q
❡
❡
❡
❡
❡
❡
❡
❡
q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣
S–109.
q q q
❡
❡
❡
❡
q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ q q♣♣♣♣♣♣
♣♣
♣♣♣
❡
❡
❡
❡
S–110.
q
❡
❡
q
❡
❡
q
❡
❡
q q❡ ❡♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ q q
❡
❡
❡
❡
q
q
 
❅
❡
❡
❡
❡
S–111.
q q q q q q q q
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡ ❡♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣♣♣
S–112.
q q q
❡
❡
❡
❡
q q q q
❡
❡
❡
❡
❡
❡
❡ ❡♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣
S–113.
q q q q q q q q♣♣♣♣♣♣ ♣♣
♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣
S–114.
q q q
❡
❡
❡
❡
q q q q♣♣♣♣♣♣ ♣♣♣♣
♣
❡
❡
❡
❡
❡
❡
❡ ❡♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣
S–115.
q q q q q q q♣♣♣♣♣♣♣♣♣♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡ ❡♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣♣♣
S–116.
q q q q q❡ ❡♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ q
❡
❡
❡
❡
❡
❡
q
q
q
 
❅❡
❡
❡
❡
❡
❡
❡
❡
S–117.
q q q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣ q
❡
❡
❡
❡
q
q
q
 
❅❡
❡
❡
❡
❡
❡
❡
❡
S–118.
q q q q q q q
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
✁
✁q
❡
❡
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S–119.
q q q q q q q
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
✁
✁q
❡
❡
S–120.
q q q q q q
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
✁
✁q
❡
❡
S–121.
q q q q q
q
q
 
❅❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
S–122.
q q q q
q
q
 
❅❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
Clan T
T–1.
am(n)
q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣q❡♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ q❡♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣♣♣♣
bm(n)
q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ q❡♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q q❡ ❡♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣♣♣♣ q♣♣♣♣♣♣♣ ♣♣♣♣♣♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣♣ ♣ ♣
♣ ♣♣ ♣ ❡
cm(n)
q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q❡♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ q q❡ ❡♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣♣♣♣ q♣♣♣♣♣♣♣♣
♣♣♣♣
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
dm(n)
q q❡ ❡♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ q❡♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q q❡ ❡♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣
q
q
 
❅
❡
❡
em(n)
q q❡ ❡♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ q❡♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣
q❡
♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣
♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣♣♣♣
q❡♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q q❡ ❡♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣
fm(4)
q q❡ ❡♣♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q q❡ ❡♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣
♣♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣
♣ ♣ ♣♣ ♣♣ ♣
gm
q q♣♣♣♣♣♣♣
♣♣♣♣♣
❡ ❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
Family a
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T–2.
q q❡ ❡♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ q q❡ ❡♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣♣♣♣
q
q
 
❅
❡
❡
❡
T–3.
q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q❡♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q❡♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣ q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣
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2.2 Primitive positive 1-combs
Definition 2.2.1. A positive 1-comb of a spherical R-system S is called primitive
if S is cuspidal, not decomposable and without tails.
Theorem 2.2.2. The families p and q, given below, contain all the spherical sys-
tems of rank > 2 with a primitive positive 1-comb.
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♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣♣♣♣ q♣♣♣♣♣♣♣ ♣
♣♣♣♣♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣
♣ ♣ ♣♣ ♣♣ ♣
❡
❡
ppc–2.
q q q q
❡
❡
❡
❡
❡
❡
♣♣
♣♣
♣♣
♣♣♣
♣♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
ppc–3.
q q q q♣♣♣♣♣♣ ♣
♣♣
♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
❡
❡
ppc–4.
q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q♣♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣♣ ♣ ♣
♣ ♣♣ ♣ q
❡
❡
❡
❡
Family q
ppc–5.
q q❡ ❡ q q❡ ❡q
❡
❡
ppc–6.
q q q q
❡ ❡ ❡ ❡
q♣♣♣♣♣♣♣♣♣♣♣
❡
❡
ppc–7.
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣q q q ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣q q q q
q
q
 
❅
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
❡
❡
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q q q q q q
q
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
❡
❡
ppc–9.
q q q♣♣♣♣♣♣ ♣♣♣♣♣♣
❡
❡
❡
❡
❡
❡
ppc–10.
q q
q
q
 
❅❡
❡
❡
❡
❡
❡
❡
❡
ppc–11.
q q q q
❡
❡
q q♣♣♣♣♣♣♣♣♣♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
ppc–12.
q q
❡
❡
q q♣♣♣♣♣♣♣
♣♣♣♣♣♣
q
❡
❡
❡
❡
❡
❡
❡
❡
ppc–13.
q q q q♣♣♣♣♣♣♣ ♣♣♣♣♣
❡
❡
❡
❡
❡
❡
❡
❡
ppc–14.
q qq
❡
❡
❡
❡
❡
❡
q
❡
❡
q qq
❡
❡
❡
❡
❡
❡
q
❡
❡
♣♣
♣♣
♣♣
♣
♣♣♣♣♣
q
❡
❡
ppc–15.
q q q
❡
❡
❡
❡
❡
❡
q q♣♣♣♣♣♣♣♣♣♣♣♣
❡
❡
❡
❡
ppc–16.
q qq
❡
❡
❡
❡
q qq
❡
❡
❡
❡
❡
❡
q
❡
❡
❡
❡
q
❡
❡
q
❡
❡
 
❅
q
❡
❡
ppc–17.
q q q
❡
❡
❡
❡
❡
❡
q
q
q
 
❅❡
❡
❡
❡
❡
❡
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2.3 Minimal quotients
The distinguished subsets of colors of a given spherical system can easily be deter-
mined by looking at the integer matrix of the corresponding Cartan pairing. Often,
for a given subset of colors ∆′ either
∑
D∈∆′ D is positive (then ∆
′ is distinguished)
or there exists some Σ′ ⊂ Σ such that c(D,
∑
σ∈Σ′ σ) ≤ 0, not always zero, for all
D ∈ ∆′ (then ∆′ is not distinguished).
Recall that the defect d(S ) of a spherical system S = (Sp, Σ,A) with set of
colors ∆ is d(S ) = card∆− cardΣ.
We compute all the minimal quotients of primitive spherical systems and of
spherical systems with a primitive positive 1-comb (of rank > 2). For the clan R,
these are particularly easy to describe (see below); for the remaining cases, we give
all the corresponding diagrams in Appendix B.
Remark 2.3.1. All distinguished subsets of colors of primitive spherical systems
or of spherical systems with a primitive positive 1-comb are good.
Here are some complementary remarks on the structure of some classes of prim-
itive spherical systems with special attention to their quotients.
First, we remark that all the primitive spherical systems have defect ≤ 2.
Clan R
All the members of the clan R but the cases R-2, R-6, R-11, R-12 and R-13 have
defect 0 and a unique minimal distinguished subset of colors, the full set of colors
∆, which is homogeneous and S /∆ = (S, ∅, ∅). In the other (above listed) cases
the defect is 1 and there are two colors D1, D2 such that c(D1, σ) = c(D2, σ) for all
σ ∈ Σ, and there are exactly two minimal distinguished subsets of colors, namely
∆\{D1} and ∆\{D2}, which are homogeneous and such that Sp/(∆\{Di}) = {α}
with Di ∈ ∆(α).
Clan S
All the members of the family x have defect 0. All the members of the families y,
z, u, v, w have defect 1.
Clan T
Family a. All the members of the clan T with only spherical roots of type a(m)
have the same rank, the same number of colors and the same Cartan pairing of
some corresponding members of the clan S, therefore such spherical systems have
corresponding minimal quotients also. For brevity let us here denote such corre-
spondence by an equivalence symbol ∼. In case T-1 we have:
am(2p+ 1) ∼ ay(p, p), am(2p) ∼ ay(p− 1, p),
dm(2p+ 2) ∼ ady(p, p+ 1), dm(2p+ 1) ∼ ady(p− 1, p+ 1),
em(8) ∼ dv(7), em(7) ∼ au(6), em(6) ∼ au(5);
and furthermore:
T-2 ∼ S-75 if rank odd, ∼ S-76 if rank even (∼ S-62 if rank 3),
T-3 ∼ S-82 if rank 7, ∼ S-83 if rank 6, ∼ S-84 if rank 5,
T-4 ∼ S-105 if rank 7, ∼ S-106 if rank 6, ∼ S-107 if rank 5,
T-5 ∼ S-97,
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T-6 ∼ S-102,
T-7 (∼ T-4 of rank 6) ∼ S-106,
T-8 (∼ T-4 of rank 5) ∼ S-107,
T-9 ∼ ax(1, 1, 1),
T-10 (∼ T-2 of rank 3) ∼ S-62,
T-11 ∼ S-67,
T-12 ∼ S-68,
T-13 (∼ T-5) ∼ S-97,
T-14 (∼ T-6) ∼ S-102.
Family c. The case T-22 is a generalization of cm(n), with similar quotients. Let
us restrict our attention to the remaining cases.
The case T-23 below (on the right hand side), after “collapsing” the spherical
root of type c(m), corresponds to the primitive spherical system below (on the left
hand side), the minimal quotients of the former are in correspondence with the
minimal quotients of the latter:
q q q♣♣♣♣♣♣♣♣♣♣♣♣
♣
❡ ❡
❡
❡
q q q❡ ❡
❡
❡
q q q q q♣♣♣♣♣♣♣
♣♣♣
♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
The same relation holds for the other members of the family c and the following
primitive spherical systems, respectively: S-65, S-3 namely bcx(2, 3), S-53 namely
cu(5), S-71, S-72 and S-78.
2.4 General spherical systems
A general spherical system can be obtained from primitive spherical systems by
inducing (see Definition 1.2.3), composing, joining positive 1-combs and adding
tails (see below).
Composing
Proposition 2.4.1. Let S1 = (S
p
1 , Σ1, A1) and S2 = (S
p
2 , Σ2, A2) be spherical
R-systems with set of colors ∆1 and ∆2, respectively. Let ∆
′′ ⊂ ∆1 and ∆′ ⊂ ∆2
be good distinguished subsets with S1/∆
′′ = S2/∆
′, say equal to (Sp1,2, Σ1,2, A1,2),
such that
• (Sp1,2 \ S
p
1 ) ⊥ (S
p
1,2 \ S
p
2 ) and
• (Σ1 \Σ1,2) ∩ (Σ2 \Σ1,2) = ∅.
Set
• Sp = Sp1 ∩ S
p
2 ,
• Σ = (Σ1 \Σ1,2) ∪ (Σ2 \Σ1,2) ∪ (Σ1 ∩Σ2),
• A = A1 ∪ A2 (identifying A1/∆′′ ⊂ A1 with A2/∆′ ⊂ A2).
Then
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• S = (Sp, Σ,A) is a well defined spherical R-system, with set of colors ∆ =
∆1 ∪∆2 (identifying ∆1 \∆′′ with ∆2 \∆′),
• ∆′ and ∆′′ decompose S ,
• S /∆′ = S1 and S /∆′′ = S2.
Proof. If D ∈ ∆′ then c(D, σ) = 0 for all σ ∈ Σ1 \ Σ1,2. Moreover, for all α ∈
S ∩Σ2 \Σ1,2 one has A2(α) ∩∆
′ 6= ∅ (and analogously the symmetric implication
holds).
In particular this shows that the restricted Cartan pairing of S is well defined.
Indeed, let D be in A(α). If α ∈ Σ1 ∩ Σ2 ⊂ Σ1,2 then A(α) can be identified with
A1(α) = A2(α) = A1,2(α), thus set c(D, σ) = ci(D, σ) if σ ∈ Σi, i = 1, 2, and
notice that c1(D, σ) = c2(D, σ) if σ ∈ Σ1 ∩ Σ2 ⊂ Σ1,2. If α ∈ Σ2 \ Σ1,2 then, for
all σ ∈ Σ1 \Σ1,2, c(D, σ) = 0 if D ∈ ∆′ or c(D, σ) = 〈α∨, σ〉 if D 6∈ ∆′ (notice that
if A2(α) ⊂ ∆′ then α ⊥ σ for all σ ∈ Σ1 \ Σ1,2); finally, c(D, σ) = c2(D, σ) for all
σ ∈ Σ ∩Σ2.
Analogously, the axioms of spherical system for S and the rest of the statement
follow.
We say that the spherical system S as above is obtained by composing the
spherical systems S1 and S2.
Joining positive combs
Remark 2.4.2. Let S = (Sp, Σ,A) be a spherical R-system with D1, . . . , Dm
positive combs with disjoint subsets SD1 , . . . , SDm . Let S1, . . . , Sk be such that
S1 ⊔ . . . ⊔ Sk = SD1 ⊔ . . . ⊔ SDm . The spherical R-system (S
p, Σ,A′) where A′
is obtained from A by replacing the positive combs D1, . . . , Dm by other positive
combs, say D′1, . . . , D
′
k, with SD′i = Si, 1 ≤ i ≤ k, is well defined. In particular, if
D1, . . . , Dm are positive 1-combs, it is always possible to join them, namely replace
them by a unique positive m-comb D′ with SD′ = SD1 ⊔ . . . ⊔ SDm .
Adding tails
A color D is called free if there exists at most one spherical root σ with c(D, σ) > 0.
Proposition 2.4.3. Let S be a spherical R-system with a tail σ ∈ Σ and notation
as in Definition 2.1.5.
1. If σ is of type b(m), 2b(m) or d(m), then there exist (at most) one spherical
root σ′ with αn−m ∈ suppσ′ and one free color D′ such that c(D′, σ) < 0 and
c(D′, σ′) = 1. The spherical root σ′ is of type a(k), k ≥ 1.
2. If σ is of type c(m), then there exist (at most) one spherical root σ(0) with
αn−m+1 ∈ suppσ(0), one spherical root σ′ with αn−m ∈ suppσ′ and one free
color D′ such that c(D′, σ) < 0 and c(D′, σ′) = 1. The spherical root σ(0) is
either of type a(1), of type aa, of type 2a or of type a(2). In the case a(2)
σ(0) = σ′, in the case 2a there is no σ′, otherwise αm−n+1 6∈ suppσ′ and σ′
is of type a(k), k ≥ 1.
Proof. The less evident case is that of type b(1), with σ′ of type a(1), where to
check the last assertion one has to notice that if there exists a simple spherical root
σ′′ 6= σ′ with c(D′, σ′′) = 1 then there exists a color D ∈ ∆(σ) ∩∆(σ′′): hence the
subset ∆′ of Definition 2.1.5 can not exist.
Remark 2.4.4. Let S ′ = ((S′)p, Σ′, A′) be a spherical R′-system.
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1. If n > m, let α1, . . . , αn−m be the simple roots of an irreducible component of
type A of R′. If there exists a spherical root σ′ with αn−m ∈ suppσ′, assume
(i) it is of type a(k), k ≥ 1, and (ii) there exists a free color D′ ∈ ∆(αn−m)
with c(D′, σ′) = 1 ((ii) follows from (i) if k > 1). Then is well defined the
spherical R-system S with a tail σ of type b(m), 2b(m) or d(m) (with notation
as in Definition 2.1.5, suppσ = {αn−m+1, . . . , αn} and Σ = Σ′ ∪ {σ}) and
with D′ unique color such that c(D′, σ) < 0. The fact that σ is a tail, i.e. that
there exists a good distinguished subset of colors ∆ as in Definition 2.1.5 can
be checked (see Lemma 2.5.5) on the primitive spherical systems.
2. If n > m, let α1, . . . , αn−m+1 be the simple roots of an irreducible com-
ponent of type A of R′. Assume there exists a spherical root σ(0) with
αn−m+1 ∈ suppσ
(0). If there exists a spherical root σ′ with αn−m ∈ suppσ
′,
assume (i) it is of type a(k), k ≥ 1, and (ii) there exists a free color D′ ∈
∆(αn−m) with c(D
′, σ′) = 1. Then is well defined the spherical R-system
S with a spherical root σ of type c(m) (with notation as in Definition 2.1.5,
suppσ = {αn−m+1, . . . , αn} and Σ = Σ′∪{σ}) and with D′ unique color such
that c(D′, σ) < 0. The spherical root σ is not necessarily a tail, i.e. a good
distinguished subset of colors ∆ as in Definition 2.1.5 does not necessarily
exist. If n = m, there exists no σ′ (and no D′) but the spherical R-system
with a spherical root σ of type c(m) (as above, but with no color D′ such that
c(D′, σ) < 0) is still well defined and σ is always a tail.
The behavior of tails of exceptional type is similar to that of tails of type 2b(m)
or d(m).
Proposition 2.4.5. Let S be a spherical R-system with a tail Σ˜ ⊂ Σ and notation
as above. Then there exist (at most) one spherical root σ′ not orthogonal to Σ˜ and
one free color D′ such that c(D′, σi) < 0 for some i = 1, 2 and c(D
′, σ′) = 1. The
spherical root σ′ is of type a(k), 1 ≤ k ≤ 2.
Remark 2.4.6. Let S ′ = ((S′)p, Σ′, A′) be a spherical R′-system. Let β1, β2 be
the simple roots of an irreducible component of type A of R′. If there exists a
spherical root σ′ with β2 ∈ suppσ′, assume (i) it is of type a(k), 1 ≤ k ≤ 2, and
(ii) there exists a free color D′ ∈ ∆(β2) with c(D′, σ′) = 1 ((ii) follows from (i) if
k > 1). Then is well defined the spherical R-system S with a tail Σ˜ of type (aa, aa),
(d3, d3), (d5, d5) or (2a, 2a) (with notation as in Definition 2.1.7, Σ = Σ′ ∪ Σ˜) and
with D′ unique color such that c(D′, σi) < 0, for some i = 1, 2.
We say that the spherical system S as above is obtained by adding a tail to the
spherical system S ′.
2.5 Color-adjacent spherical roots and gluing
To prove here Theorems 2.1.10 and 2.2.2 we introduce several technical combinato-
rial notions. Although they have no clear geometric or group theoretic counterpart
on the side of wonderful varieties (and other slightly different notions could have
been used), they help understanding and describing more explicitly the combinato-
rial structure of a general spherical system.
Color-connected spherical systems
For simplicity, let us assume for the moment that
if ∆(α) 6= ∅ then α lies in the support of (at most) one spherical root. (2.5.1)
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Two spherical roots σ1, σ2 will be called color-adjacent if, for all colorsD ∈ ∆(α)
for some α ∈ suppσi, c(D, σj) 6= 0, for i 6= j. In Appendix A one can find all
the possible pairs of such color-adjacent spherical roots. Two spherical roots will
be called color-connected if satisfy the above relation extended by transitivity. For
short, a spherical system will be called color-connected if spherical roots are pairwise
color-connected.
Lemma 2.5.1. A cuspidal color-connected spherical system (under the condition
(2.5.1) above) of rank > 2
- is primitive and is either a member of the clan R, or a member of the families
x, y, z, u, v, w of the clan S
- or is an n-comb.
Proof. It is enough to proceed recursively: assume we have such a color-connected
spherical system, then see if it can be the localization of another color-connected
spherical system with a spherical root more.
Let us start with a spherical root of type aa, it can be color-adjacent to a
spherical root of type either aa, 2a, a(p) (p ≥ 1) or b(2). If it is color-adjacent to
a spherical root of type a(1), then the latter cannot be color-adjacent to another
spherical root of same type a(1) by the axiom (A1). Then we can go on recursively
but no other types of spherical roots can occur and we can find all the cuspidal
color-connected spherical systems with a spherical root of type aa: the rank > 2
cases are members of the clan R.
Let us start with a spherical root of type d(m). It can be color-connected to a
spherical root of type either: d(3), 2a, a(1), a(3), c(p), 2b(2) (if m = 3), 2a, a(1),
a(5) (if m = 4), d(5), 2a, a(1) (if m = 5) or 2a, a(1) (if m > 5). Again a spherical
root of type a(1) here cannot be color-adjacent to another spherical root of same
type a(1). We get a list of rank > 2 cases which is included in the clan R.
Let us start with a spherical root of type 2a. It can be color-connected to a
spherical root of type 2a, a(1), 2b(p) (p ≥ 2). Roots of type aa and d(p) have
already been considered. Similarly, we get a list of rank > 2 cases which is included
in the clan R.
We get no new cases by starting with a spherical root of type 2b(m).
If we start with spherical roots of type different from those considered above
and different from a(1) we get only rank 1 or rank 2 cases.
Let us restrict to the cases with only spherical roots of type a(1). Two such
roots α1, α2 are color-adjacent if and only if ∆(α1)∩∆(α2) 6= ∅. Here it is possible
to proceed recursively as above (applying the axioms (A1) and (A2)) and get all
the cases, but they are many and the procedure is very long. There are the combs
and all the cases listed in the families x, y, z, u, v, w of the clan S. Alternatively,
one can list all the cases by computer up to rank 9. A color-connected spherical
system with Σ = S of rank 9 is bdx(4, 5), ay(4, 5), aby(4, 5), ady(4, 5), bdy(4, 5) or a
9−comb. Then it is possible to start from there to prove by induction that the only
color-connected spherical systems with Σ = S and rank ≥ 9 (that are not combs)
are:
• bdx(p − 1, p), ay(p − 1, p), aby(p − 1, p), ady(p− 1, p), bdy(p − 1, p) (with odd
rank 2p− 1), and
• bdx(p, p), ay(p, p), aby(p, p), by(p, p), dy(p, p), ady(p − 1, p + 1), ay(2p) (with
even rank 2p).
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Plugs
Let us consider the following spherical systems:
q q q q
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❡
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❡
❡
❡
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ❡
(2.5.2)
We say that two spherical roots σ1, σ2 of a spherical R-system S lie in a plug
if there exists S′ ⊂ S with suppσ1 ∪ suppσ2 ⊂ S′ such that the corresponding
localization equals one of the above systems.
We easily obtain the following
Lemma 2.5.2. A cuspidal spherical system (under the condition (2.5.1)) of rank
> 2 such that every pair of not color-adjacent spherical roots lies in a plug as above
is primitive and is a member of the family p of the clan S.
Weakly-color-connected spherical systems
Let us abandon the condition (2.5.1). Notice that the following spherical system has
the same rank, the same defect and the same Cartan pairing of the first spherical
system of (2.5.2): it can thus be considered as a generalized plug, as well.
q q
❡
❡
q q q
q
q
 
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♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣ (2.5.3)
Generalizing the notion of plugs, we define weak plugs: we say that two spherical
roots σ1, σ2 of a spherical R-system S lie in a weak plug if there exists S
′ ⊂ S
with suppσ1 ∪ suppσ2 ⊂ S′ such that the corresponding localization satisfies the
following:
Σ′ = {σ1, σ2, σ3} and σ1, σ2 are color-connected or have overlapping
support and there are two colors D1, D2 such that Di ∈ ∆(αi) with
αi ∈ suppσ3 and c(Di, σi) 6= 0, for i = 1, 2.
(2.5.4)
Plugs are weak plugs. A particular weak plug is the following:
q q
❡
❡
❡
❡
q q q q q♣♣♣♣♣♣♣♣♣♣♣♣♣❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
We say that two spherical roots are weakly-color-adjacent if are color-adjacent
or have overlapping support or lie in a weak plug; we say that two spherical roots
are weakly-color-connected if satisfy the same relation extended by transitivity; for
short, we say that a spherical system is weakly-color-connected if its spherical roots
are pairwise weakly-color-connected.
Lemma 2.5.3. A cuspidal weakly-color-connected spherical system
- is primitive and is a member of the clan R, of the clan S (but not of the family
q), or of the clan T,
- or has a tail of type c(m),
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- or has a positive n-comb: if we here assume in addition that n = 1, then
the positive 1-comb is primitive and the spherical system is a member of the
family p.
Proof. Step 1. We keep on assuming color-connectedness but weaken condition
(2.5.1) and assume that
if ∆(α) 6= ∅ and α ∈ suppσ1 ∩ suppσ2 then at least one of the two
spherical roots σ1, σ2 is of type a(m) with m > 1.
(2.5.5)
We must start with a spherical root of type a(m), m > 1, and proceed recur-
sively as above, but notice that now we are allowing only the following two further
possibilities of pairs of color-adjacent spherical roots:
q q q q
q
q
 
❅
❡
❡
♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣
❡
♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣
q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q♣♣♣♣♣♣ ♣♣
♣♣♣♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣♣ ♣ ♣
♣ ♣♣ ♣ ❡
In particular, notice that in the following case the two spherical roots are not color-
adjacent:
q q❡ ❡♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q q q q q♣♣♣♣♣♣♣♣♣♣♣♣❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
Only spherical roots of type a(m) (with m > 1) and b(2) (with support not meeting
Sp) are involved. We obtain only members of T-1 (of types A, B, D, E) and the
case T-9.
Step 2. We allow plugs and generalized plugs (2.5.3). We obtain all the primitive
spherical systems of the family p of the clan S (as in Lemma 2.5.2) and of the family
a of the clan T.
Step 3. We go on allowing the following as localizations
q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q♣♣♣♣♣♣
♣♣
♣♣♣♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣♣ ♣ ♣
♣ ♣♣ ♣
❡
q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ q♣♣♣♣♣♣
♣♣♣♣♣♣♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣♣ ♣ ♣
♣ ♣♣ ♣
❡
❡
and we get the cases T-15, T-15’ and T-16.
Allowing the following as localizations we get no new rank > 2 cases (without
positive n-combs with n > 1).
q q q q♣♣♣♣♣♣ ♣♣♣♣♣♣❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ q q q q♣♣♣♣♣♣ ♣♣♣
♣♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ❡ q
❡
❡
q♣♣♣♣♣♣♣♣♣♣♣♣ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
Step 4. We include all pairs of spherical roots with overlapping support, namely
also the following (with a root of type c(m) with m ≥ 2):
q❡ ❡q q q q q q♣♣♣♣♣♣♣♣♣♣♣♣❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ q
❡
q q q q q♣♣♣♣♣♣♣
♣♣♣
♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣ q q q q q♣♣♣♣♣♣♣♣
♣♣♣
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ q
❡
❡
q q q q q♣♣♣♣♣♣♣♣
♣♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
First, we get the cases T-17, T-18, T-19, ppc-1, ppc-2 and ppc-3. The rest are
all cases (with a spherical root σ of type c(m)) that can be constructed as in
Remark 2.4.4(2). These latter cases are many, but easy to construct and most of
them actually have a tail of type c(m). In the notation of Remark 2.4.4, they have a
tail when the spherical system S ′ has a homogeneous distinguished subset of colors
that does not contain the color D′ (and this can be checked case-by-case). The only
cases without tail are T-22 (if rank > 2), T-25 and T-26.
Step 5. Finally, we include weak plugs and obtain the rest of the clan T (namely
some members of T-1, the family b and the rest of the family c) and the rest of
the family p of spherical systems with a primitive positive 1-comb (namely only the
case ppc-4).
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Gluing
Let S = (Sp, Σ,A) be a cuspidal spherical R-system. Let S′ ⊂ S be such that
S ′ = ((S′)p, Σ′, A′), the spherical system obtained from S by localization on S′,
is weakly-color-connected. Then S ′ is called weakly-color-connected component of
S if S′ is maximal with this property. The supports of the sets of spherical roots
of the weakly-color-connected components are clearly disjoint, but not necessarily
pairwise orthogonal. We will say that a cuspidal spherical R-system is obtained by
gluing its weakly-color-connected components.
A spherical R-system is not uniquely determined by its weakly-color-connected
components, see for example
q q♣♣♣♣♣♣ ♣
♣♣♣
♣
❡
❡
❡
❡
q q♣♣♣♣♣♣ ♣
♣♣♣
♣
❡
❡
❡
❡
Remark 2.5.4. If S (1),S (2) are two weakly-color-connected components, let α1 ∈
Σ(1)∩S(1) and σ2 ∈ Σ(2) be not orthogonal, then forD ∈ A(α1) the value of c(D, σ2)
is not always uniquely determined, but there are some constraints: if D ∈ A(α′1) for
some α′1 ∈ Σ
(1)∩S(1) different from α1 (we say that D is not free) then c(D, σ2) = 0
or α′1 6⊥ σ2 (notice that the latter does not necessarily give rise to a plug). In
particular, if both colors D+, D− ∈ A(α1) are not free, there can be no gluing with
α1 not orthogonal to spherical roots of other weakly-color-connected components.
Since we have classified all cuspidal weakly-color-connected spherical systems,
it is now possible to construct any cuspidal spherical system by gluing.
Erasable and quasi-erasable weakly-color-connected components
Let us introduce some further terminology: let S be a cuspidal spherical system.
A weakly-color-connected component S ′ of S (or more generally a weakly-color-
saturated localization S ′ of S , i.e. a localization of S obtained by gluing some of
its weakly-color-connected components) is called:
• isolated if S′ ⊥ (S \ S′);
• erasable if there exists a homogeneous ∗-distinguished subset of colors ∆∗ of
S ′ such that c(D, σ) = 0, for all D ∈ ∆∗ and all σ ∈ Σ \Σ′;
• quasi-erasable if there exists a non-empty ∗-distinguished subset of colors ∆∗
of S ′ such that c(D, σ) = 0, for all D ∈ ∆∗ and all σ ∈ Σ \Σ′.
It directly follows that if a cuspidal spherical system S admits two weakly-color-
connected components such that one is isolated or both are quasi-erasable then S
is decomposable. This obviously generalizes to weakly-color-saturated localizations
of S on disjoint sets S(1), S(2) ⊂ S.
By abuse of terminology a weakly-color-connected component of rank 1 or 2
will be called tail if satisfies Definition 2.1.5 or 2.1.7 without the condition on
the existence of the good distinguished subset of colors ∆′. We will see below
(Lemma 2.5.5) that in these hypotheses such ∆′ always exists.
We now analyze all the cuspidal weakly-color-connected spherical systems which
have been classified above. Case-by-case we start with a spherical system S (1), see
how it can be glued to another spherical system S (2) such that S (1) and S (2)
are weakly-color-saturated and say whether S (1) is necessary isolated, erasable or
quasi-erasable.
Rank 1. If a weakly-color-connected component is of rank 1 and equal to
q q q q q q♣♣♣♣♣♣
♣♣♣♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
34
then it is necessary isolated, the same is true if the spherical root of the weakly-
color-connected component has support of type F4 or G2. If it is equal to
❡q q q q q q♣♣♣♣♣♣♣♣♣♣♣❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
then it is necessarily erasable. If it is equal to the following case with a spherical
root of type b(m) m ≥ 3
q q q q q♣♣♣♣♣ ♣
♣♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ❡
then it is necessarily quasi-erasable. If its spherical root is of type b(m) m ≥ 1
(αn ∈ Sp if m ≥ 2), 2b(m) m ≥ 1 or d(m) m ≥ 3 then it is a tail. If its spherical
root is of type aa then it is a tail or it is glued to an n-comb component, if n = 1
we get a rank 2 case (with support of type C3) which is isolated. If it is equal to
q q q♣♣♣♣♣♣ ♣
♣♣♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
then it is isolated or it is glued to an n-comb component, if n = 1 we get a rank
2 case which is isolated. If it is equal to the case of a spherical root of type b(2)
whose support does not meet Sp then it is quasi-erasable or it is glued to two comb
components so that the whole spherical system is decomposable. Notice that it
remains the case of a spherical root of type a(m) m ≥ 1, which will occur in some
primitive cases below.
Rank 2. Analogously, if a weakly-color-connected component is of rank 2 then
it is either isolated or erasable or quasi-erasable
q q q q♣♣♣♣♣♣ ♣♣♣♣♣♣❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
or a tail or glued to an n-comb component (the corresponding cases are erasable, if
n = 1 and the 1-comb is primitive they are rank 3 spherical systems: ppc-5, ppc-6,
ppc-7, ppc-8, ppc-9) or a 2-comb or with two spherical roots of type a(m) m ≥ 2
with overlapping supports (the two latter cases will be analyzed below).
Clan R. Let us start with aaa(p, p), p > 2. It can only be glued to an n-comb
component, if n = 1 we get the case ppc-5 which is isolated. Starting with a2a(p)
the situation is very similar: we get the case ppc-6 which is isolated. Analogously
with the case R-9: we get the cases ppc-7 which is isolated. The cases R-2, R-11,
R-12 and R-13 are erasable. All the other cases of the clan R are isolated.
Clan S. Let us consider the color-connected cases of the clan S. A weakly-color-
connected component of this kind is isolated or erasable or it is equal to one of the
following cases:
- bdx(p, p) is quasi-erasable or, if p = 2, glued to a comb and, if the latter is
primitive, as in ppc-12 which is isolated;
- bdx(p − 1, p) is quasi-erasable or, if p = 3 glued to a comb and, if the latter
is primitive, as in ppc-11 which is isolated or, if p = 2 namely ax(1, 1, 1), not
necessarily quasi-erasable;
- ay(p, p) is erasable or glued to combs in a decomposable system or, if p = 2,
is not necessarily quasi-erasable;
- ay(p− 1, p) is quasi-erasable or glued to combs in a decomposable system or,
if p = 2, glued to a comb as in ppc-13 which is isolated;
- aby(p, p) and ady(p+1, p+1) are erasable or glued to combs and, if the latter
are primitive, as in ppc-14, ppc-15, ppc-16 or ppc-17 which are erasable;
- aby(p− 1, p), ady(p− 1, p+ 1) and az(1, 3) are quasi-erasable;
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- au(5) is quasi-erasable;
- acz(1, 3) and bw(3) can only be glued to combs in a decomposable system.
A weakly-color-connected component, if equal to a remaining case of the clan S,
is isolated or erasable or is equal to S-62, S-68, S-75 (of rank 5) or S-76 (of rank 4)
which are quasi-erasable, or can only be glued to combs in a decomposable system.
Clan T. Let us consider the cases of the clan T with only spherical roots of type
a(m). A weakly-color-connected component of this kind is isolated or erasable or it
is equal to one of the following cases:
- am(2p+1) is erasable or glued to combs in a decomposable system or, if p = 2,
is not necessarily quasi-erasable;
- am(2p+ 2) is quasi-erasable or glued to combs in a decomposable system;
- dm(2p+ 1) and em(6) are quasi-erasable;
- T-2 and T-10 are quasi-erasable;
- T-9 is not necessarily quasi-erasable.
A weakly-color-connected component, if equal to a remaining case of the clan
T, is isolated or erasable or is equal to bm(2p+ 2), T-15 or T-15’, which are quasi-
erasable, or can only be glued to combs in a decomposable system.
Tails of type c(m). For completeness we have to consider also weakly-color-
connected spherical systems with a tail of type c(m) (with overlapping support),
but as components they are necessarily isolated, erasable or glued to combs in a
decomposable system. This can be seen by collapsing the spherical root of type c(m)
(as in 2.3 for the cases of the family c): one obtains only weakly-color-connected
spherical systems that have already been considered above.
Remaining cases. An n-comb that is a weakly-color-connected component by
itself can be glued to a positive 1-comb (cases ppc-9 and ppc-10 which are erasable)
or more generally to a spherical system with only spherical roots of type a(1) and
a free color (some cases listed in the family q of the clan S which are erasable).
Finally, if we have a rank 1 weakly-color-connected component with a spherical
root σ of type a(m), denote by D1, D2 its colors, such that there exist two weakly-
color-connected spherical roots σ1, σ2 6= σ with c(Di, σi) 6= 0, i = 1, 2, then we
obtain only the remaining cases listed in the family q of the clan S which are
erasable.
Type A connected subdiagrams of the Dynkin diagram
Lemma 2.5.5. Let S(1) ⊔ S(2) = S be such that the corresponding localizations
S (1),S (2) of S are weakly-color-saturated. Assume that the Dynkin diagram of
S(1) has a connected component of type Ar, let α1, . . . , αr be its simple roots (labelled
as usual). Then
1. if S(1) \ {α1, αr} is orthogonal to S(2) then α1 + . . .+ αr ∈ Σ (and the local-
ization of S on {α1, . . . , αr} is a weakly-color-connected component by itself)
or S (1) is quasi-erasable;
2. if S(1) \ {α1} is orthogonal to S(2) then S (1) is erasable.
Proof.
1. It is enough to look at the weakly-color-connected spherical systems of rank
> 1 that are not necessarily quasi-erasable: notice that they are quasi-erasable
if their support meets a connected component of type A of the Dynkin diagram
of S.
36
2. Similarly, it is enough to look at the weakly-color-connected spherical systems
that are not necessarily erasable: notice that they are erasable if their support
contains an extremal simple root of a connected component of type A of the
Dynkin diagram of S.
The following completes the proof of Theorems 2.1.10 and 2.2.2.
Proposition 2.5.6. Let S be a cuspidal spherical R-system without tails and pos-
itive n-combs with n > 1. If S is not primitive and has no primitive positive
1-combs, there exists a decomposition S(1) ⊔ S(2) = S such that the corresponding
localizations S (1),S (2) of S are weakly-color-saturated and both quasi-erasable,
therefore S is decomposable.
Proof. We are left to consider the cuspidal spherical R-systems S , without tails
and positive n-combs with n > 1, with a weakly-color-connected component that is
not quasi-erasable. A case-by-case analysis of the weakly-color-connected spherical
systems that are not necessarily quasi-erasable, together with Lemma 2.5.5, shows
that, if S is not primitive and has no primitive positive 1-combs, we can always
choose such a decomposition S(1) ⊔ S(2) = S.
Furthermore, another direct consequence of Lemma 2.5.5 is the following, which
applies more generally to all spherical systems.
Proposition 2.5.7. Let S be a spherical R-system. Then there exists a decompo-
sition S(1) ⊔S(2) = S such that the corresponding localization S (1) is weakly-color-
saturated and erasable.
Proof. Notice that for every decomposition S(1) ⊔ S(2) = S either S(1) ⊥ S(2)
or the Dynkin diagram of S(1) (or of S(2)) has a connected component of type
A. Therefore, by Lemma 2.5.5, for all spherical R-systems S there exists such a
decomposition.
Therefore, by the way, we have also proved the following
Corollary 2.5.8. The whole set of colors of a spherical system is distinguished and
good.
Proof. Let S(1) ⊔ S(2) = S be a decomposition as in Proposition 2.5.7. Call ∆
(1)
∗ a
corresponding homogeneous distinguished subset of colors of S (1), it can be iden-
tified with a good distinguished subset of colors of S . Proposition 2.5.7 can then
be applied recursively to the quotient S /∆
(1)
∗ (which is equal to S
(2) up to induc-
tion).
3 Quotients of general spherical systems
Theorem 3.1.1. All distinguished subsets of colors of a spherical system are good.
Here we use the notion of weak-color-connectedness defined in 2.5.
First, notice that it is enough to prove the theorem for minimal distinguished
subsets ∆∗ such that Σ∩Σ/∆∗ = ∅. Indeed, let σ ∈ Σ∩Σ/∆∗, then for all D ∈ ∆∗
one has c(D, σ) = 0: for all α ∈ S, D ∈ ∆∗ ∩ ∆(α) implies that α ⊥ suppσ or
D ∈ A(α) with A(α) \∆∗ 6= ∅.
Moreover, recall that all minimal distinguished subsets of rank ≤ 2 spherical
systems or of primitive spherical systems or of spherical systems with a primitive
37
positive 1-comb are good (Remarks 1.5.1 and 2.3.1). The same is true for all weakly-
color-connected spherical systems, indeed, recall that systems with a tail of type
c(m) (with overlapping support) behave as their analogues obtained by collapsing
the tail.
Other spherical systems with a minimal distinguished subset of colors ∆∗ with
Σ ∩Σ/∆∗ = ∅ are the following:
q q q q❡ ❡♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣
q
q
 
❅
❡
❡
❡
❡
q q❡ ❡♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ q q q q
q
q
 
❅
❡
❡
♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣
❡
♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ (3.1.1)
We claim that no other spherical system admits a minimal distinguished subset
of colors ∆∗ with Σ ∩Σ/∆∗ = ∅.
Let S = (Sp, Σ,A) be a spherical R-system with set of colors ∆ and a minimal
distinguished subset ∆∗ ⊂ ∆. Let S (1),S (2) be weakly-color-saturated localiza-
tions of S corresponding to S(1) ⊔ S(2) = S. If ∆∗ 6⊂ ∆(1), then every non-empty
subset of ∆∗ ∩∆
(1) that is distinguished in S (1) must contain a color D such that
c(D, σ) < 0 for some σ ∈ Σ(2), and vice versa. We will say that D ∈ ∆∗ ∩∆(1) and
σ ∈ Σ(2) such that c(D, σ) < 0 are in gluing relation. Assuming that ∆∗ ∩∆(2) is
good distinguished in S (2), if σ ∈ Σ(2) is in gluing relation with someD ∈ ∆∗∩∆(1),
then there exists an element of N(∆∗ ∩∆(2)) that is positive on Σ(2) and strictly
positive on σ.
Lemma 3.1.2. Let S be a not weakly-color-connected spherical R-system with a
minimal distinguished subset of colors ∆∗. Then there exist non-empty subsets S
(1),
S(2) with S(1)⊔S(2) = S and weakly-color-saturated S (1),S (2) such that ∆∗ ⊂ ∆(1)
or satisfying the following condition.
There exist
- D(1) ∈ ∆∗ ∩∆(1) and σ(1) ∈ Σ(1) with c(D(1), σ(1)) ≥ 0,
- D(2) ∈ ∆(2) and σ
(2)
k ∈ Σ
(2), for k = 1, . . . , n and n ≥ 1
(actually ≤ 3), with c(D(2), σ
(2)
k ) ≥ 0,
such that
D ∈ ∆∗ ∩∆(i) and σ ∈ Σ(j) with i 6= j are in gluing
relation only if D = D(1) and σ = σ
(2)
k , or D = D
(2)
and σ = σ(1).


(3.1.2)
Proof. First, we can assume that all weakly-color-connected components satisfying
at least two connected components of the support are non-
orthogonal to their complement
(3.1.3)
have a non-free color that is in gluing relation with some spherical root of other
weakly-color-connected components. Indeed, it can be checked case-by-case that
a cuspidal weakly-color-connected spherical system that can satisfy the condition
(3.1.3) has no distinguished subset ∆∗ such that
• every minimal distinguished subset of ∆∗ contains a free color and
• there exists a positive element ofN∆∗ that is strictly positive on some spherical
root.
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A non-free color D can be in gluing relation with only one spherical root σ of
other weakly-color-connected components. If there is such a colorD, cut the Dynkin
diagram between the support of σ and α for all α ∈ S such that D ∈ ∆(α). Define
S(1) as the minimal subset of S containing the connected component of the Dynkin
diagram (after the cut prescribed above) that contains suppσ and such that S (1)
is weakly-color-saturated. By the above assumption, S(1) and its complement do
the job.
We are left with the case when there is no weakly-color-connected component
satisfying the condition (3.1.3). Here there always exists a weakly-color-connected
component whose support S′ contains only one simple root that is non-orthogonal
to S \ S′: it is thus enough to set S(1) = S′ or S(1) = S \ S′.
Under the condition (3.1.2) we conclude the proof. We keep the notation of the
lemma.
Assume n = 1 and set σ(2) = σ
(2)
1 . We claim that
(a) D(1) and D(2) are positive on Σ(1) and Σ(2), respectively, or
(b) there exist i (equal to 1 or 2) and a spherical root σ 6= σ(i) in Σ(i) with
c(D(i), σ) > 0 (if c(D(i), σ(i)) > 0 this means that D(i) is not free).
Indeed, by the list of not weakly-color-connected rank 2 spherical systems it
follows that c(D(1) + D(2), σ(i)) ≤ 0. Let D˜ =
∑
nDD be a positive element of
N>0∆∗. Set D˜
(i) =
∑
nDD for all D ∈ ∆∗ ∩∆(i) \ {D(i)}, notice that ∆∗ ∩∆(i) =
{D(i)} if and only if D(i) is positive on Σ(i). If there exists no σ 6= σ(i) in Σ(i)
with c(D(i), σ) > 0, then D˜(i) is positive on Σ(i) \ {σ(i)}. If for both i = 1, 2 there
exists no σ 6= σ(i) with c(D(i), σ) > 0, then c(D˜(i), σ(i)) ≥ 0 for i = 1, 2. Therefore,
under the latter condition, if (for i equal to 1 or 2) D(i) is not positive on Σ(i) then
∆∗ ∩∆(i) \ {D(i)} is not empty and D˜(i) is positive on Σ(i): a contradiction.
To conclude.
(a) If the two colors D(1) and D(2) are positive on Σ(1) and Σ(2), respectively,
namely ∆∗ = {D(1), D(2)} and c(D(1) + D(2), σ(i)) = 0, it is enough to look
at the rank 2 case with spherical roots σ(1) and σ(2).
(b) If D(2) was not free then σ(2) would be of type a(m), but in this case σ(1) and
σ(2) would be weakly-color-connected (contradiction).
Finally, if n > 1 the argument is analogous: the only spherical systems (not
primitive and without primitive positive 1-combs) that actually occur under the
given hypothesis are reported in (3.1.1) above.
A Spherical systems of rank ≤ 2
Let Si, i = 1, 2, be subsets of S with S1⊔S2 = S and S1 ⊥ S2. Let Si = (S
p
i , Σi, Ai),
i = 1, 2, be spherical Ri-systems. The direct product of S1 and S2 is the spherical
R-system (Sp1 ⊔S
p
2 , Σ1 ⊔Σ2, A1 ⊔A2) where c(D, σ) = 0 for all D ∈ Ai, σ ∈ Σj and
i 6= j.
Here we give the Luna diagrams of all cuspidal spherical systems of rank 1 and of
all cuspidal spherical systems of rank 2 that are not direct product of two spherical
systems of rank 1, together with their minimal quotient spherical systems.
For cuspidal spherical R-systems of rank 1, n denotes the rank of R.
For cuspidal spherical systems of rank 2 that are not direct product of two
spherical systems of rank 1, p and q denote the rank of the supports of the two
spherical roots: we use identifications between spherical roots for small p and q as
stated in Definition 1.1.1.
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❡q ❡q ✲ q q
q
❡
❡
✲ q❡
n ≥ 2 q q q q❡ ❡♣♣♣♣♣
♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣ ✏
✏✏✶
PPPq
q q q q❡
q q q q❡
q
❡
✲ q
n ≥ 2 q q q q q♣♣♣♣
♣♣
♣♣♣
♣♣
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ✲ q q q q q♣♣♣♣♣♣ ♣♣♣
♣♣
n ≥ 2 q q q q q♣♣♣♣♣
♣
♣♣♣
♣♣
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ❡ ✏
✏✏✶
q
q q q q q♣♣♣♣♣♣♣
♣♣♣
♣♣
❡
q q q q q♣♣♣♣♣♣♣
♣♣♣♣♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
n ≥ 2 q q q q q♣♣♣♣♣
♣♣
♣♣♣♣♣
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣2 ✲ q q q q q♣♣♣♣♣♣ ♣♣♣♣♣♣
q q q♣♣♣♣♣♣ ♣♣♣♣♣♣ ❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ✲ q q q♣♣♣♣♣♣ ♣
♣♣♣♣
n ≥ 3 q q q q q q♣♣♣♣♣
♣
♣
♣♣
♣♣
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ✲ q q q q q q♣♣♣♣♣♣♣
♣♣♣♣♣
n ≥ 3 q q q q q q♣♣♣♣♣♣
♣
♣♣♣♣♣♣
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣❡
PPPq
✶ q q q q q q♣♣
♣♣
♣
♣
♣♣♣
♣♣
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
q q q q q q♣♣♣♣♣♣♣♣♣♣
♣♣
❡
n ≥ 3 ❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣q q q q
q
q
 
❅
✲ q q q q
q
q
 
❅
q q q q♣♣♣♣♣♣ ♣♣♣♣♣♣ ❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ✲ q q q q♣♣♣♣♣♣♣ ♣♣♣♣
♣
q q♣♣♣♣♣♣♣♣♣♣♣♣❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ✲ q q♣♣♣♣♣♣♣♣♣♣♣♣
q q♣♣♣♣♣♣♣♣♣♣♣
♣
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
2 ✲ q q♣♣♣♣♣♣♣♣♣♣♣♣
q q♣♣♣♣♣♣♣
♣♣
♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣❡ ✲ q q♣♣♣♣♣♣♣♣♣
♣♣
❡
40
Rank 2
q q
❡ ❡
✲ q q
q q❡ ❡ q q❡ ❡ ✲ q q q q
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❅
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✏✏
✏✶
PPPq
q q q q q
q
❡
q q q q q
q
❡
q q♣♣♣♣♣♣
♣♣♣♣♣
❡ ❡ q q♣♣♣♣♣♣
♣♣♣♣♣
❡ ❡ ✲ q q♣♣♣♣♣♣♣ ♣♣♣♣♣♣ q q♣♣♣♣♣♣ ♣♣♣♣♣
q q q q♣♣♣♣♣♣ ♣♣
♣♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ✲ q q q q♣♣♣♣♣♣ ♣♣♣♣♣♣❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
q ≥ 1 q
❡
❡
q q q♣♣♣♣♣♣♣ ♣♣
♣♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣2 ✲ ❡q q q q♣♣♣♣♣♣ ♣♣
♣♣♣
q ≥ 1 q
❡
q q q♣♣♣♣♣♣♣ ♣♣♣♣♣❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣2 ✲ q q q q♣♣♣♣♣♣ ♣♣♣♣♣♣
p ≥ 1 q q❡ ❡♣♣♣♣♣
♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q♣♣♣♣♣♣
♣♣♣
♣♣
❡
❡ ✏✏
✏✶
q
q q❡ q♣♣♣♣♣♣
♣♣♣♣♣
❡
❡
q q❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ q♣♣♣♣♣♣
♣♣
♣♣
❡
p ≥ 1, q ≥ 2
q q❡ ❡♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q q q♣♣♣♣♣♣ ♣♣♣♣♣♣❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ✏✏
✏✶
q
q q❡ q q q♣♣♣♣♣♣ ♣♣♣♣♣♣❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
q q q q q♣♣♣♣♣♣ ♣♣♣♣♣❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
p, q ≥ 1 q q❡ ❡♣♣♣♣♣
♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q q q♣♣♣♣♣♣
♣♣♣♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ❡
✟✟
✟✯
✲
❍❍❍❥
q q❡ q q q♣♣♣♣♣♣ ♣♣♣♣
♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ❡
q q q q q♣♣♣♣♣♣ ♣♣♣
♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ❡
q q❡ ❡♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q q q♣♣♣♣♣♣ ♣♣♣♣♣❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
p, q ≥ 1 q q❡ ❡♣♣♣♣♣
♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ q q q♣♣♣♣♣♣ ♣♣♣♣
♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
2 ✏✏
✏✶
q
q q❡ q q q♣♣♣♣♣♣ ♣♣♣♣
♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
2
q q q q q♣♣♣♣♣♣ ♣♣♣♣♣❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣2
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p ≥ 1 q q❡ ❡♣♣♣♣
♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣♣♣♣ q♣♣♣♣♣♣♣ ♣♣♣♣♣
❡
❡ ✏✏
✏✶
PPPq
q q❡ q♣♣♣♣♣♣ ♣♣♣
♣♣
❡
❡
q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ q♣♣♣♣♣♣ ♣♣♣
♣♣
❡
q q♣♣♣♣♣♣♣ ♣♣♣♣♣
❡
❡
❡
❡
✲ q q♣♣♣♣♣♣ ♣♣♣♣♣❡ ❡
q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣♣♣♣ q♣♣♣♣♣♣ ♣♣♣♣
♣♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣
♣ ♣ ♣♣ ♣♣ ♣ ❡ ✲ q q q♣♣♣♣♣ ♣
♣♣
♣
❡ ❡
q ≥ 2 q❡ ❡q q q q♣♣♣♣♣
♣
♣♣♣♣
♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ✲ q q q q q♣♣♣♣♣♣
♣♣♣♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
q ≥ 2 ❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣q q q q q q♣♣♣♣♣♣♣♣
♣♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ✲ q q q q q q♣♣♣♣♣♣♣♣
♣♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣q q q q♣♣♣♣♣♣♣♣♣♣
♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
2 ✲ q q q q♣♣♣♣♣♣
♣♣♣♣♣
q ≥ 1 ❡ ❡q q q♣♣♣♣♣♣
♣
♣♣♣♣♣♣
q❡ ❡♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣♣♣♣ ✏
✏✏✶
q
q q q q♣♣♣♣♣
♣♣
♣♣
❡
q q q q♣♣♣♣♣♣
♣♣
♣♣
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
q ≥ 2 q
❡
❡
q q q♣♣♣♣♣♣♣♣
♣♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ✲ ❡q q q q♣♣♣♣♣♣♣♣♣♣♣♣♣❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
q ≥ 2 q
❡
q q q♣♣♣♣♣♣♣♣♣♣♣♣♣❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ✲ q q q q♣♣♣♣♣♣
♣♣
♣
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
q q q♣♣♣♣♣♣♣♣♣♣
♣♣
❡ ❡
❡
❡
✲ q q q♣♣♣♣♣♣♣
♣♣♣
♣♣
❡ ❡ ❡
q ≥ 2 q q❡ ❡♣♣♣♣♣♣
♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q q q♣♣♣♣♣♣♣♣♣♣♣♣♣❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ✏✏
✏✶
q
❡q q q q q♣♣♣♣♣♣♣♣♣♣♣♣❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
q q q q q♣♣♣♣♣♣♣♣♣
♣♣
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
p ≥ 1 q q❡ ❡♣♣♣♣♣
♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣♣♣ q♣♣♣♣♣♣♣♣♣♣♣
❡
❡ ✏✏
✏✶
PPPq
q q❡ q♣♣♣♣♣♣♣♣♣
♣♣♣
❡
❡
q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ q♣♣♣♣♣♣♣♣♣
♣♣♣
❡
p ≥ 1, q ≥ 2
q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣♣♣ q❡ q q q♣♣♣♣♣♣♣♣♣♣♣❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ✏✏
✏✶
PPPq
q q❡ q❡ q q q♣♣♣♣♣♣♣♣♣
♣♣♣
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ❡q q q q♣♣♣♣♣♣♣♣♣♣♣♣
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q q q q♣♣♣♣♣♣ ♣♣♣♣♣♣❡ ❡❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ❡ ✲ q q q q♣♣♣♣♣♣ ♣♣♣
♣♣
❡
q q q q♣♣♣♣♣♣ ♣♣
♣♣♣
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
❡
❡ ✏✏
✏✶
q
q q q q♣♣♣♣♣♣ ♣♣♣♣♣♣ ❡
q q q q♣♣♣♣♣♣♣ ♣♣♣♣♣ ❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
q q q q♣♣♣♣♣♣♣ ♣
♣♣♣
♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ❡ ✲ q q q q♣♣♣♣♣♣ ♣
♣♣♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ❡
q q q q♣♣♣♣♣♣ ♣♣♣
♣♣
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
❡
❡
✲ q q q q♣♣♣♣♣♣♣ ♣♣♣♣♣♣ ❡
q q q q♣♣♣♣♣♣ ♣♣♣♣♣♣❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ❡
❡
❡ ✏✏
✏✶
PPPq
q q q q♣♣♣♣♣♣♣ ♣♣♣
♣♣
❡
❡
❡
q q q q♣♣♣♣♣♣♣ ♣♣♣
♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ❡ ❡
q q q q♣♣♣♣♣♣ ♣♣♣♣
♣
❡ ❡♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ❡ ❡♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣
✏✏
✏✶
PPPq
q q q q♣♣♣♣♣♣♣ ♣♣♣♣♣♣❡ ❡ ❡♣♣
♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣
q q q q♣♣♣♣♣♣ ♣♣♣♣♣❡ ❡♣♣♣
♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣♣♣ ❡
q q♣♣♣♣♣♣♣♣♣♣♣♣
♣
❡ ❡
✲ q q♣♣♣♣♣♣♣♣♣♣♣♣
q q♣♣♣♣♣♣♣♣♣♣
♣♣
❡ ❡ q q♣♣♣♣♣♣♣♣♣♣
♣♣
❡ ❡ ✲ q q♣♣♣♣♣♣
♣♣♣
♣♣
q q♣♣♣♣♣♣
♣♣♣
♣♣
q q♣♣♣♣♣♣♣♣
♣♣
♣
❡
❡
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ✏✏
✏✶
q
q q♣♣♣♣♣♣♣♣
♣♣♣♣
❡ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
q q♣♣♣♣♣♣♣♣
♣♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
q q♣♣♣♣♣♣♣♣♣♣♣♣
♣
❡
❡
❡
❡ ✏✏
✏✶
PPPq
q q♣♣♣♣♣♣♣♣♣♣♣♣❡
❡
❡
q q♣♣♣♣♣♣♣♣♣♣
♣
❡
❡
❡
q q♣♣♣♣♣♣♣
♣♣♣♣
❡
❡
❡
❡
PPPq
✶ q q♣
♣♣
♣
♣♣
♣♣♣♣♣
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B Minimal quotients
Here we give all the minimal quotients of primitive spherical systems and of spherical
systems with a primitive positive 1-comb (of rank > 2), up to external automor-
phism.
We omit the quotients of the p.s.s.’s of the clan R, which are all homogeneous.
They are described in 2.3.
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♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣ ✲ q q q❡ ❡ q q q q❡ ❡ ❡❡ ❡♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣
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♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ✲ q q q q q q q q♣♣♣♣♣♣♣ ♣♣♣♣♣❡ ❡ ❡ ❡ ❡ ❡❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣
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❡ ❡♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ✲ q q q❡ ❡ q q q q♣♣♣♣♣♣ ♣♣♣
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❡ ❡ ❡❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣
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♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ✲ q q q q q q q♣♣♣♣♣♣♣♣♣♣♣❡ ❡ ❡ ❡ ❡❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣
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Clan T
am(n), n odd
q q❡ ❡♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q❡♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ q q❡ ❡♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ q❡♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣
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am(n), n even
q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q❡♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q❡♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣
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q q q q q q❡❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
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bm(n), n odd
q q❡ ❡♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q❡♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ q q❡ ❡♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣ q♣♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣
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bm(n), n even
q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣♣♣♣ q❡♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣ q♣♣♣♣♣♣♣ ♣♣♣♣♣♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣♣ ♣ ♣
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q q❡ ❡♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q❡♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ q q❡ ❡♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣♣♣♣♣♣♣♣
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T-15’, rank odd
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T-15’, rank even
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T-22, rank even
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T-22, rank odd
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❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
✟✟
✟✯
✲
❥
q q q q q q q q♣♣♣♣♣♣♣♣♣♣♣♣❡ ❡ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
q q q q q q q q♣♣♣♣♣♣♣♣♣
♣♣
♣
❡ ❡♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣♣ ❡♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
q q q❡ ❡
❡
❡
q q q q q♣♣♣♣♣♣♣♣♣♣♣❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
T-25
q q♣♣♣♣♣♣
♣♣
♣♣♣
q q q q q q q q♣♣♣♣♣♣♣♣♣♣
♣♣
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
❍❍❍❥
q q♣♣♣♣♣♣♣ ♣♣♣♣♣ q q q q q q q q♣♣
♣♣
♣♣
♣♣♣
♣♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
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T-26
q q q q q
❡
❡
❡
❡
❡
❡
❡
❡
❡
❡
q q q q q♣♣♣♣♣♣♣♣♣♣♣❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
❍❍❍❥
❯
q q q q q q q q q q♣♣♣♣♣♣♣♣♣♣♣♣♣❡
q q q q q q q q q q♣♣♣♣♣♣♣
♣♣
♣♣
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
T-27
q q q q
❡
❡
❡ ❡♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ q q
❡
❡
❡
❡
❡
❡
q q q q q♣♣♣♣♣♣♣♣♣♣♣
♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
❍❍❍❥
❆
❆
❆
❆
❆
❆❆❯
q q q q q q❡ ❡ ❡
❡
❡
q q q q q♣♣♣♣♣♣♣♣
♣♣♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
q q q q❡ ❡❡ ❡♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ q q❡ q q q q q♣♣♣♣♣♣♣♣♣♣♣♣
T-28
q q qq
❡
❡
❡
❡
❡
❡
❡
❡
q q q q q♣♣♣♣♣♣♣♣♣
♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
❍❍❍❥
❆
❆
❆
❆
❆
❆❆❯
q q q q❡ ❡
❡
❡
q q q q q♣♣♣♣♣♣♣♣♣
♣♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
q q q q q q q q q♣♣♣♣♣♣
♣♣♣♣♣
❡ ❡ ❡
T-29
q q q q
❡
❡
❡
❡
❡
❡
❡
❡
q q q q q♣♣♣♣♣♣♣♣♣
♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
❍❍❍❥
❆
❆
❆
❆
❆
❆❆❯
❡q q q q❡ ❡
❡
❡
q q q q q♣♣♣♣♣♣♣♣♣♣♣♣♣❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
q q q q q q q q q♣♣♣♣♣♣♣♣♣♣
♣♣
❡ ❡♣♣♣♣♣♣♣♣
♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣♣ ❡
Primitive positive 1-combs
For every positive comb D, {D} is a minimal good distinguished subset of colors.
We omit here the quotients given by positive combs.
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q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ q♣♣♣♣♣♣♣ ♣♣♣♣♣♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣♣ ♣ ♣
♣ ♣♣ ♣
❡
❡
✲ q q q♣♣♣♣♣♣♣ ♣♣♣♣♣ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣♣♣♣ q❡♣♣♣♣♣♣♣
♣♣♣♣ ♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣ ♣♣ ♣♣♣ ♣♣♣♣♣♣♣♣ q♣♣♣♣♣♣ ♣♣♣♣♣♣♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣
♣ ♣ ♣♣ ♣♣ ♣
❡
❡
✲ q q❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ q q♣♣♣♣♣♣ ♣♣♣♣♣ ❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
q q q q
❡
❡
❡
❡
❡
❡
♣♣
♣♣
♣♣
♣♣♣♣♣
❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ✲ q q q q♣♣♣♣♣♣ ♣
♣♣♣♣
❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣
♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ❡
q q q q♣♣♣♣♣♣♣ ♣♣♣♣♣❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣ ❡♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣
♣ ♣ ♣♣ ♣
❡
❡
✲ q q q q♣♣♣♣♣♣♣ ♣♣♣♣♣ ❡♣♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣ ♣♣ ♣
q q q♣♣♣♣♣♣ ♣♣
♣♣♣♣
❡
❡
❡
❡
❡
❡
✲ q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣♣♣♣ q♣♣♣♣♣♣ ♣♣
♣♣
♣♣ ♣♣ ♣ ♣♣ ♣ ♣ ♣♣ ♣
♣ ♣ ♣♣ ♣♣ ♣ ❡
q q
q
q
 
❅❡
❡
❡
❡
❡
❡
❡
❡
✲ q q❡ ❡♣♣♣♣♣♣♣♣♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣ ♣♣♣♣♣♣♣♣ ♣♣♣ ♣♣♣ ♣♣♣♣ ♣♣♣♣♣♣♣
q
q
 
❅
❡
❡
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